Parallel ("nested") regions of a Fermi surface (FS) drive instabilities of the electron fluid, for example the spin density wave in elemental chromium. In one-dimensional materials, the FS is trivially fully nested (a single nesting vector connects two "Fermi dots"), while in higher dimensions only a fraction of the FS consists of parallel sheets. We demonstrate that the tiny angle regime of twist bilayer graphene (TBLG) possess a phase, accessible by interlayer bias, in which the FS consists entirely of nestable "Fermi lines": the first example of a completely nested FS in a 2d material. This nested phase is found both in the ideal as well as relaxed structure of the twist bilayer. We demonstrate excellent agreement with recent STM images of topological states in this material and elucidate the connection between these and the underlying Fermiology. We show that the geometry of the "Fermi lines" network is controllable by the strength of the applied interlayer bias, and thus that TBLG offers unprecedented access to the physics of FS nesting in 2d materials.
I. INTRODUCTION
Atomically thin materials often exhibit remarkable electronic states, in particular when such materials possess an emergent moiré lattice, a geometry found only in 2d materials.
One of the richest such systems is the graphene twist bilayer [1] [2] [3] [4] [5] [6] that, simply by tuning the rotation angle, connects the two fundamental paradigms of propagating Bloch electrons (found at large angles) and localized electrons (found at small angles). In this latter regime the band structure exhibits extremely flat bands with the Fermi velocity falling to zero at certain "magic angles" 6, 7 , at which superconducting and Mott states have recently been observed 8, 9 .
In this work we demonstrate that the band structure of the small angle twist bilayer contains an additional phase, accessible by applied interlayer bias, characterized by a Fermi surface (FS) consisting of a network of regular Fermi lines. This represents the ultimate limit of "Fermi surface nesting", a FS topology known to be associated with charge density waves, Peierls deformations, and possible symmetry breaking of the Fermi liquid 10 . While FS occurs -and the moiré length of the twist unit cell, which may be many orders of magnitude greater than the lattice parameter. To capture this multiscale physics we employ a dual approach consisting of (i) an atomistic geometry optimization step mapped onto (ii) a continuum approach calculation of the electronic structure. The link between these is the relaxation field generated in step (i) that is then incorporated into the effective Hamiltonian of step (ii). This Hamiltonian consists of layer diagonal blocks, that treat single layer physics at the tight-binding level, and layer off-diagonal blocks encoding a generalized non-Abelian potential capable of describing both the twisted bilayer and the dislocation network (also sometimes refered to as structural solitons [14] [15] [16] ) that it reconstructs to in the structure optimization 5, 6 . In a bilayer geometry an out-of-plane bias field results in a ±V /2
shift of the Dirac cones of each layer, with V the resulting bias potential due to the electric field 17, 18 . Further details of this approach are described in the Methods Section and Supporting Information.
B. Fermiology at tiny angles
The ideal twist geometry of a spatially smooth change in stacking order (Fig. 1a ) reconstructs, at small angles, into domains of AB and BA stacking separated by three sets of partial dislocations of pure screw character 12, 19, 20 , each characterized by one of three partial Burgers vectors (Fig. 1b) . The von Mises strain (related to the shear deformation energy)
is localized on the dislocations ( Having established feature level agreement with experiment, we can now probe deeper into the underlying electronic structure of the valley region via examination of the corresponding
Fermi surfaces (FS). Close to the Dirac point the ideal twist bilayer presents a very complex
Fermi surface, characteristic of the strongly localized small angle limit (Fig. 1l) , which upon lattice relaxation is dramatically altered (Fig. 1m) . However, in the valley region a very different Fermiology is found that, remarkably, represents the ultimate limit of FS nesting:
the three high velocity "Fermi lines" from the K valley can be completely translated into the three Fermi lines from the K' valley (Fig. 1o) . In dramatic contrast to the Dirac point FS, this Fermiology is robust against lattice relaxation, demonstrating that this nesting FS network is an intrinsic feature of the small angle twist bilayer, whether in ideal geometry or relaxed. While FS nesting is well established in 3d materials, for example bcc Chromium, and in 2d materials such as TaSe 2 , it is always incomplete, i.e. only restricted regions of the FS can be connected by a nesting vector. The θ = 0.51
• twist bilayer, on the other hand, requires only 3 translation vectors to achieve 100% nesting. Most strikingly, while the nesting vector is usually regarded as a fixed material property, its dependence on the presence of interlayer bias points to the possibility of controllable and complete FS nesting.
C. Controllable nesting
A condition for such controllable nesting is that the FS topology of Fig. 1o represents the generic behavior of the twist bilayer and not an isolated special case. To examine this we create a (Θ, E F ) phase diagram of FS topology, for which a single variable characterization of the degree of straightness of the FS is required. To achieve this we create a distribution of velocity directions on the Fermi surface N (Θ k ), and measure straightness by the variance
for a perfectly circular Fermi surface this would be zero (all directions between 0 and 2π are equally likely), while in the limiting case of a single perfectly straight Fermi line this will take its maximum value. In order to expedite the structural optimization step, for calculating the phase diagram we employ a simple structural model that well reproduces the relaxation field, see Supplementary Information.
As shown in Fig. 2a , a network of nested FS lines indeed represents the generic behaviour for the dislocation network of the reconstructed twist bilayer (it is also generic for the ideal geometry, see Supplementary Information). To illustrate the link between the phase diagram of SLG. By further increase in λ these merely "straighten out" to leave the nesting Fermi surface ( Fig. 4c-4f ). These remaining Dirac arcs are the "helical modes" of the AB/BA interface, recently observed in experiment 21 , but whose rich Fermiology has not previously been noticed. Contradicting the conventional paradigm, the small angle twist bilayer thus contains both strong and weak coupling regimes that nevertheless have a common origin in hybridization pressure. However, in dramatic contrast to the weak coupling at large twist angles, which simply preserves the Dirac cones of each layer, small angle weak coupling results in the complete and controllable nesting of the Fermi surface.
III. DISCUSSION
We have demonstrated that twist bilayer graphene, in the small angle regime and at finite interlayer bias, contains a phase characterized by Fermi surfaces of intersecting and perfectly nested Fermi lines. This Fermi surface is intrinstic to both the ideal geometry of the twist bilayer and the dislocation network it reconstructs to at small angles, a robustness in dramatic contrast to electronic structure close to the Dirac point. In contrast to all other 2d and 3d materials in which nesting is restricted to special regions of the FS, for example "dog bone" structures 11, 22, 23 , in small angle twisted bilayer graphene the entire FS is nested. This material therefore offers unprecedented access to the physics of FS nesting, opening many possibilities to address questions from the nature of charge density waves in 2d, to the connection between FS nesting and symmetry breaking of the Fermi liquid. Both the "magic angles" 7 seen at the Dirac point and the complete and controllable FS nesting identified here, arise from the same physical mechanism of hybridization pressure induced by the twist back-folding, highlighting the importance of the moiré structure in 2d materials.
IV. METHODS

A. Structure optimization
The relaxation field u α (r) associated with the dislocation network in reconstructed twisted graphene bilayers was determined by atomistic force-field geometry relaxations using the LAMMPS software package 24 . The C-C interactions within the graphene layers were described by the general Amber force-field (GAFF) 25 . For the non-bonded interactions between the layers we used our own implementation 16 of the registry-dependent KolmogorovCrespi potential 26 , which gives an accurate representation of the 3d generalized stacking-fault energy in bilayer graphene (see Supplementary Section 1 for more details).
B. Electronic Hamiltonian
The starting point for the electronic analysis is a two-center tight-binding Hamiltonian
with interlayer bias added via an onsite energy shift U i , with U i = +U for i ∈ layer one and U i = −U for i ∈ layer two. We adopt a Gaussian parameterization not restricted to nearest neighbours (nn), t(δ) = Ae −Bδ 2 with δ the hopping vector between sites i and j. 
where the 2 × 2 layer diagonal blocks H (n) are written in sub-lattice space and consist of the single layer tight-binding Hamiltonian H (n) SLG (p) augmented at lowest order by scalar and pseudo-gauge fields encoding the relaxation through the strain tensor ε ij = 1 2
with σ = (σ x , σ y ) the vector of Pauli matrices and σ 0 the identity matrix. The mapping process generates also optical deformation terms 28 , which turn out to be zero for the relaxation field of the twist bilayer, as well as higher order terms in momentum and derivatives and powers of the deformation tensor. The interlayer coupling of these single layer blocks is given in the continuum representation by
where the sum is unrestricted and over the single layer reciprocal vectors G j , with K j these vectors measured from the high symmetry K point of layer 1. α and β label sub-lattices of the 2 × 2 interlayer block and ν α are the basis vectors of the unit cell. This expression contains both the twist through the acoustic moiré field u (M ) = (R − 1)r with a length scale of D = a/(2 sin θ/2), and possible reconstruction to a dislocation network through the relaxation field u (R) α (r). This latter field is generated from the atomistic data of the structural optimization step via bicubic interpolation. The amplitude of each term in the sum is given by the mixed space hopping function η αβ (r, q), created by in-plane Fourier transforming with respect to δ x and δ y the interlayer hopping function evaluated at the relaxed hopping vector: t(δ + u β (r + δ) − u α (r)). The out-of-plane part, which contains the modification of hopping amplitude due to out-of-plane deformation, remains in real space and is treated perturbatively, see Supplementary Information. Note that the in-plane part of the relaxation field, which locally changes the stacking order of the bilayer and is therefore a non-perturbative physical effect, is treated by exponentiation, i.e. non-perturbatively and in a similar manner to the moiré field itself.
Technically, we solve Eq. (2) by expressing it in basis of eigenstates of the pristine single layer systems,
(n is the layer index, k the quasi-momentum, and i a band index). To ensure good convergence in the low energy sector (|E| < 0.5 eV), on the order of 10 2 basis function are needed for twist angles ∼ 1 • , whereas for angles ∼ 0.5
• , on the order of 10 3 functions are required.
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VII. SUPPORTING INFORMATION A. Structure optimization
For the ideal AB-stacked graphene bilayer we obtain with our calculational setup (the GAFF force field 25 for the C-C interactions within the graphene layers and the registry- Using this setup full structural relaxations of twisted graphene bilayers were performed for six twist angles θ (see Table I ). By choosing two arbitrary integer numbers p and q, commensurate supercells for a twisted graphene bilayer with a twist angle of
can be constructed, see 4 . For p = 1 the periodicity of the twisted graphene bilayer and the moiré superlattice coincide, i.e. each hexagonal (1×1) supercell (that contains N at = 3q 2 +p 2 atoms and has a lattice constant of a tblg = 3q 2 + p 2 a 0 /2 ) presents only three points of high symmetry stacking (AA, AB, and BA).
The key structural change in the geometry optimizations is the increase of the areas with AB and BA stacking order and the decrease of the size of the areas with AA-like stacking.
The transition regions between the AB and BA domains become sharper and they transform, For small twist angles the bending mode is slightly more favorable, whereas the breathing mode is preferred at larger angles (see Figure 6 ). Our calculations predict the turnover point to be at about θ = 1.5
• , closely matching the prediction of θ = 1.6
• from the continuum model of Dai et al. 12 . However, the energy difference between the breathing and bending modes is rather small with, for example, at θ = 0.51
• a difference of 541 meV, or only N at is the number of atoms in the primitive hexagonal (1×1) supercell of twisted graphene bilayer and a tblg is the corresponding lattice parameter. 0.01 meV per atom.
As we have employed in our geometry optimizations a primitive (1×1) supercell for the twisted graphene bilayer, the bending mode bulges must necessarily point in the same direction (see Figure 5b) . To investigate the energetics of the bulge orientation degree of freedom, we repeated our calculations using an orthorhombic cell (dimensions of a tblg and √ 3a tblg ) that contains two moiré units and hence allows two bending mode types: same-side and alternating-side AA bulges (see Figure 5c ). We find that the alternating-side bulge is the preferred configuration, however by only a very small energy gain which, furthermore, vanishes with twist angle θ, see Figure 7 . Taking again the example of a twist angle of θ = 0.51 • , the energy gain is 48.6 meV per hexagonal (1×1) TBLG unit cell, or less than 0.001 meV per atom.
To place these energies in context we show in Figure 8 the energy difference from the ideal AB stacking of a twisted graphene bilayer with and without structure optimization.
Without relaxation (i.e. in the ideal moiré geometry) the energy per atom is independent of twist angle, being equal to the 2d average over the generalized stacking fault energy of the graphene bilayer (2.31 meV per atom or 28.7 mJ/m 2 with our force-field setup). With relaxation, however, the energy cost for twisting a bilayer vanishes as the rotation angle in the AB/BA-stacked regions from the z-position z α of each atom α : δ α = z α −z AB . In the breathing mode, a peak-valley structure with 6-fold symmetry around the AA spots emerges at small twist angles (see Figure 9 ), reflecting the change in stacking order as one moves away from the AA centres, and the concomitant lowering of energy the system makes by adjusting towards the local equilibrium spacing at each local stacking order. As with all outof-plane displacements in the breathing mode, this effect is of rather small amplitude. These structures remain confined to a radial distance of 20 nm from the AA centres and once the separation of these centres increases beyond this distance, partial dislocation lines become visible in the out-of-plane displacement. As seen in Figure 9 the out-of-plane displacement at the partial dislocations corresponds well to the difference between the ideal AB-and SPtype stacking interlayer spacing (0.02Å). In the bending mode similar structures are seen, Figure 10 , however as the out-of-plane relaxation near the AA centres increases by more than an order of magnitude, the dislocation lines become only faintly visible as they emerge in the small angle limit.
While stable partial dislocation lines are seen only below 0.20
• in the out-of-plane relaxation a stable partial network in fact emerges at significantly larger angles (by stable we mean that a further reduction in angle changes essentially only the moiré length/dislocation width ratio). This may be seen from the energy per atom distribution, i.e. the deviation in the energy per atom from ideal AB stacking, shown in Figure 11 for the bending mode.
Evidently, partial dislocation lines of 3 nm width and AA spots of 5 nm diameter are already stable at 1.02
• . In these plots another curious relaxation feature is visible in the form of a small twist around the AA spots, leading to a minor tilt in the orientation of the dislocation lines. This structural feature, absent in the breathing mode, was also observed and explained by Dai et al. in their continuum model calculations 12 .
The much slower emergence of the partial dislocation network in the out-of-plane relaxation reflects the dominance of in-plane registry over out-of-plane displacement in the energy balance of the twist bilayer, and also underpins the occurrence of distinct local energy minima in the form of the breathing and bending mode. In experiment, this soft degree of freedom will likely either be pinned by environment effects, e.g. by confinement of the twist bilayer between BN layers or, if free, washed out already at very low temperatures by lattice dynamics.
Finally, in Figure 12 we compare the energy density distribution for the ideal twist bilayer of θ = 0.51
• with three different relaxed structures: the bending and breathing modes, and an optimization in which the out-of-plane degree of freedom is held fixed. In all three one can observe the dramatic reduction of the AA stacking type and the emergence of the partial network. However, since the energy differences of the bending and breathing configurations is so small these distinct relaxed structures appear essentially the same (and indeed very similar to the fixed z optimization), with the only feature level difference being the small tilt of the dislocation lines in the bending mode that is absent in the other two configurations. 
B. Model relaxation field
The key structural change due to lattice relaxation is the increase in the AB/BA stacking order and a corresponding reduction in other stacking types, in particular a reduction in the AA-type stacking order. At small angles θ 1
• this results in a reconstruction to a triangular network of pure shear type partial dislocations separating AB/BA domains. A simple model relaxation field that captures the essence of this physics is
where l indicates the layer index, the sum goes over supercell lattice points, and (r − R α ) 0 ⊥ is the vector perpendicular to the connection vector (r − R α ) in the layer plane. The sum is normalized by 1/C norm so that the maximum amplitude of the deformation field is equal to A.
This field generates a superposition of AA-centred displacement vector vortices of opposite orientation to the relative layer twist angle. The superposition of these deformation fields cancels at the ideal AB/BA high-symmetry positions, but away from these positions results an increase in AB/BA stacking type at the expense of other stacking types. The decay length B is fixed to 1/2 of the moiré length, and the parameter A, which determines the amplitude of the in-plane displacement vector, has been obtained by minimizing the total energy using the same force field as in the structural optimization calculations described in the previous section. A plot of A versus energy can be seen in Figure 13a (for the θ = 0.51
• twist bilayer), and in this way the A(θ) can be obtained which, Figure 13b , is to a very good approximation linear for 0.2
This simple model captures ∼ 90% of the relaxation energy, as can be seen in Table II .
Some further improvement may be obtained by addition of out-of-plane relaxation, which occurs due to the layer buckling found at the AA spots in the breathing mode. This is modeled via an additional out-of-plane AA-centred Gaussian deformation whose height and width profile were again fitted to closest agreement with the structure optimization data Table II . The methodology we employ here is based on the fact that an exact map exists from a general tight-binding Hamiltonian onto a general continuum Hamiltonian. Given a TB Hamiltonian
then there exists a H(r, p), with r and p the position and momentum operators, such that all matrix elements of H T B and H(r, p) satisfy the identity
with X some quantum numbers and |Ψ X the Bloch functions of a suitable high-symmetry system (e.g. for a twist bilayer the AB or AA stacked bilayer), and |φ X corresponding plane wave states. This approach has been fully described in 27 , and used to treat optical deformations in graphene in 28 , and partial dislocations in bilayer graphene in 19, 20, 30 . In what follows we describe in overview the methodology, in particular how it pertains to lattice relaxation in the twist bilayer, but refer the reader to these references for further details.
The effective Hamiltonian employed to treat twist bilayer graphene can conveniently be written in layer space has the form
The diagonal blocks describe the single layer graphene (SLG) layers that constitute the bilayer, with the coupling of these layers encoded in the S(r, p) blocks. The interlayer physics is driven by the local stacking order, which is both non-perturbative (the difference between the AB and AA low energy spectrum is profound) and decisively changed by reconstruction to a partial dislocation network at small angles.
The key object is t αβ (r, δ) that describes the amplitude of electron hopping from position r on sub-lattice α to position r + δ on sub-lattice β. For the single layer blocks the exact map produces the result
where A U C is the unit cell area, the sum is over reciprocal lattice vectors G j and K j = G j − K 0 with K 0 the position in the Brillouin zone from which momentum p is measured from. The function η αβ (r, q) is the Fourier transform of the hopping envelope function
while the "M matrices" are given by
with {ν α } the basis vectors of the unit cell.
Application of deformation fields u α (r) to a high symmetry system (α is the basis vector index) results in change of hopping vector δ → δ + u β (r + δ) − u α (r) and a concomitant change in the hopping amplitude of
For a single layer system we may expand Eq. (13) as
with the first term the hopping function of the pristine lattice (hence no r dependence) and the second term the change in hopping due to a relaxation field resulting in a strain tensor
For pristine single layer graphene Figure 14 shows the convergence to the TB band structure as the order of momentum retained a Taylor expansion of Eq. (10) 
(n) xy (r)) + . . . (15) where H (n) SLG (p) exactly reproduces the TB band structure of graphene. This latter fact suggests that a strategy for solving Eq. (9) is via a basis of tight-binding
(n is the layer index, k the quasimomentum, and i a band index), leading to Hamiltonian matrix elements of the form
where H (n) (r, p) contains the effect of lattice relaxation in the layer diagonal blocks, included perturbatively via Eq. (15), and S(r, p) contains the impact of the twist and relaxation on the interlayer interaction in the off-diagonal blocks. For these blocks the change due to deformation cannot be treated perturbatively. Fortunately, however, the Fourier transform of the hopping function can be treated exactly at zeroth order:
dδ e iq,δ t αβ (r, δ)
As α and β are sub-lattices in different layers, u β (r) − u α (r) is the local displacement at r of the two sub-lattices from the high symmetry structure. By treating this term exactly in the Fourier transform of Eq. (17), the problem of treating the change in stacking order nonperturbatively is solved. This zeroth order term can be broken into a moiré field u M (r) = (R − 1)r with R the rotation operator, which describes the change from the high symmetry bilayer to the ideal twist bilayer, and a field due to lattice relaxation u (R) (r)
The moiré field is purely acoustic, however the relaxation field includes both acoustic and 3 possible optical modes. These non-perturbative parts yield phase terms in the corresponding continuum representation
while the perturbative part remains in the function η αβ (r, q) and include the changes to the hopping amplitude resulting from out-of-plane lattice relaxation. In contrast to the single layer blocks, where out-of-plane deformation is a higher order correction to single layer graphene (as mirror symmetry requires it to enter as a square), the interlayer optical deformation results in a linear order correction
with d int the equilibrium interlayer separation and where n is the layer that sub-lattice β belongs to andt
Eqs. (15) and (19) together with the single layer basis, Eq. (16), form a complete description of both the ideal twist bilayer, including the effect of subsequent relaxation. While retaining lattice relaxation in the interlayer interaction is obviously essential, in the single layer blocks one can envisage different levels of theoretical completeness: the pristine layer may be treated at the TB or DW level, and relaxation can be included via pseudo-magnetic and scalar fields in both these cases.
Therefore, four different levels of theory to treat these blocks can be considered:
• H (n) (r, p) can be approximated by the Dirac-Weyl (DW) equation or
• H (n) (r, p) can be treated at the tight-binding (TB) level
• H (n) (r, p) can be approximated by the Dirac-Weyl equation augmented by scalar and pseudo-gauge fields describing the lattice relaxation
• Finally H (n) (r, p) can be treated at the tight-binding level including these fields
As shown in Figure 16 , there is very little difference in the DOS and Fermi surfaces (at low energies) between the DW and TB descriptions of the single layer blocks; there is some increased particle-hole asymmetry, but the interlayer field S(r, p) in any case breaks this symmetry. However, substantially more change is seen on augmenting either the DW or TB descriptions of perfect SLG by the scalar and pseudo-magnetic fields that result from lattice relaxation.
D. Electronic consequences of relaxation
The four distinct sub-lattices of bilayer graphene yield four relaxation modes
with u a four-vector of the four relaxation fields u α (r). However, only the interlayer optical field (u 1 + u 2 − u 3 − u 4 )/4 has a significant impact on electronic properties, the other 3 modes being at least an order of magnitude less in magnitude.
To analyze the impact of lattice relaxation on the twist bilayer we first consider the stacking order. The interlayer interaction can be expressed as
from which we can define the change in stacking order as |c AB (r)| 2 − |c BA (r)| 2 . The continuous modulation of stacking order that characterizes the ideal twist bilayer is replaced by trigonal domains of AB and BA stacking which, as can be seen in Figure 15 The effective pseudo-magnetic field is given by the curl of the pseudo-gauge
with the components of the strain tensor given by ε ij = (∂ i u j +∂ j u i )/2. The pseudo-magnetic field therefore involves third derivatives of the deformation field, and provides a closer look at the impact of lattice relaxation. The strength of the pseudo-magnetic field is significant, Figure 15 (e-h), with its magnitude well captured by the relaxation model. However, both the partial dislocations and the nodes of the dislocation network are seen to be much smoother in model relaxation than in structure optimization, with the fine structure at the nodes of the network not captured. This can be seen also in the von Mises strain, i.e. the second invariant J 2 = (ε 11 − ε 22 ) 2 + (ε 22 − ε 33 ) 2 + (ε 33 − ε 11 ) 2 − 2 ε 12 ε 21 − 2 ε 23 ε 32 − 2 ε 31 ε 13 (25) see Figure 15 (i-l). This is a measure of the distortion energy of a deformation and, as the partial dislocations are pure shear, is a good measure of the location of the dislocation lines.
As can be seen by comparing panel (i), the von Mises strain from the model relaxation, with panels (j-l), the formation of dislocations is only incompletely captured as compared to the structural optimization calculations.
The electronic consequences of the lattice reconstruction are significant, see Figure 15m .
Lattice relaxation leads to pronounced reduction in the Dirac point zero mode with the reduction in peak height well captured by the relaxation model, although differences exist in fine structure of the spectrum, which differs also between different relaxation types, see Figure 15 (n-p). 
